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and
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The control of vibrations in flexible structures by moving force actuators is considered. The elimination of a
predetermined set of vibratory modes by one or more moving force actuators is shown possible. Two such
control strategies are proposed. The first strategy uses a finite number of distinct moving actuators to control
an equal number of critical modes with negligible control spillover into the residual modes. The second uses only
a single actuator to control a finite number of critical modes; and it is based on energy functions, where the
spatial variation of the actuator has to be carefully chosen to guarantee stability of the closed-loop system. Both
of these can employ closed-loop strategies for force control. In addition to feedback, the first strategy may also
utilize an open-loop force control scheme, such as minimum energy control. Moving actuators need relatively
smaller magnitudes of force for accomplishing performance guarantees that are achievable with fixed actuators
having larger magnitudes Of force.

I. Introduction

I T is well known that with a distributed force the control
spillover can be eliminated when controlling distributed

parameter systems. However, physical realization of such
forces controlling distributed parameter systems is difficult.
Instead, most control applications are based on point force
actuators. Note that moving a point actuator at infinite speed
can be viewed as being equivalent to a distributed load, espe-
cially in the case of a one-dimensional structure. But it is
impossible to move an actuator at infinite speed. The question
then is whether or not it is possible to control distributed
parameter systems by using actuators that move at finite
speeds along the structure.

The use of moving actuators in the control of flexible struc-
tures is a relatively unexplored research area. The dynamics of
flexible structures with impulses delivered at moving stations
has been studied by Bamberger et al.1 They studied the effect
of moving force impulses on the dynamics of a vibrating
string. A stabilizing feedback control law2 was constructed for
the vibrating string. A control strategy that suppresses a set of
vibratory modes of a simply supported beam by a single
actuator moving at a constant speed has also been developed.3

Moving actuators can travel randomly in the domain of a
flexible structure, or they can be moving electronic probes
actuating orthogonal to the structure. Another concept similar
to moving actuators is the notion of moving actuation. In
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moving actuation, an assemblage of a set of discrete fixed
force actuators can be activated sequentially over different
finite time intervals.4

There is a considerable body of research on the control of
flexible structures by fixed force actuators. The use of such
actuators in the active control of vibrations in flexible struc-
tures gives acceptable performance only if the modal content
of the unwanted motion to be suppressed aligns well with the
modes retained in the controller synthesis.4 For instance, in a
truncated model, it is impossible to suppress an initially active
mode if that mode is not retained in the model/The response
of a distributed parameter system when controlled by fixed
actuators is determined by the control forces alone, whereas,
in the case of moving actuators, the system's performance will
be determined by both the control forces and the spatial
locations of the actuators.

The paper is organized as follows. The equations of motion
of distributed parameter systems controlled by moving actua-
tors are given in Sec. II. The objectives of using moving
actuators are stated in Sec. III. The control of a finite number
of modes by the same number of actuators moving at arbitrary
speeds is considered in Sec. IV. Comparisons between fixed
and moving actuators for the finite time settling control of a
finite number of modes by an equal number of actuators are
discussed in Sec. V. In Sec. VI, the control of a finite set of
modes by a single actuator moving at an arbitrary speed is
developed using energy functions. Conclusions are in Sec. VII.

II. Equations of Motion
Consider a distributed parameter system described by

\t) (1)

(2)

(3)

are the damping ratios and

Bi[u(P,t)] =

where L, D, and M are linear operators characterizing the
stiffness, damping, and mass of the system; u(P,t) is the
displacement field; P is a point in the system; t is time; F(P,t)
is a distributed load; y(P,t) is an output vector of the dis-
tributed state, and Bf = 1, 2, . . . , is a set of boundary condi-
tion operators. F(P,t) characterizes a finite set of moving
point force actuators described by

(4)

where m is the number of moving actuators; Fj(t) is the
corresponding magnitude of the yth actuator; b is the Dirac
delta function, and Pj(t) is the corresponding time-varying
spatial location of the yth actuator. Note that, in general, the
dynamics of the moving actuators should be included with the
dynamics of the distributed parameter system. But, for the
purposes of this paper, we assume that the dynamics of the
moving actuators are independent of that of the flexible struc-
ture. Thus, independent controllers can be developed for each
moving actuator. Assume that the operators L, D, and M in
Eq. (1) are self-adjoint, and D is a proportional damping
operator satisfying

D = aL + f3M (5)

where a and /3 are constants. Thus, the modal equations can
be written as

rj/(0 + 2f/w/^/(0 + w,?r?/(0 = f i ( t ) (6)

where w/ are the natural frequencies, and where

" +- ffl (7)

(8)

are the modal forces and </>/[P/(01 is the ith mode evaluated at
the location Pj(t) of the yth actuator.

III. Objectives
The objectives of using moving actuators at finite speeds

can be stated as the following:
1) Good approximation of distributed loads for the reduc-

tion of energy flow into the residual modes.
2) Finite time settling control of vibratory motion with

smaller control forces than are needed with fixed actuators.
Three different control strategies for moving actuators are

considered. The first (considered in Sec. IV) uses as many
actuators as the number of controlled modes where the veloc-
ity profiles of the moving actuators are arbitrary to the extent
that simultaneous crossings of actuators at one or more nodes
of any mode are not allowable. The second (Sec. V) is used to
determine the minimum energy control with constant velocity
profiles. The third control strategy (Sec. VI) emphasizes the
use of a single actuator, with the velocity profile determined
by Lyapunov energy functions.

IV. Control of a Finite Set of Modes
by a Finite Set of Moving Actuators

Assume that the number of moving actuators is equal to the
number of controlled modes. The functions .//(*)» / = 1,2,..., m,
are generally complicated functions of time. For instance, if
the modes $/ are of a ^antileyered beam, the functions fi(t)
include terms of the form sin x(t) and sinh x(t)9 where x(t) is
an arbitrary function characterizing the space coordinate. One
case where these functions are simple is when x(t) is a linear
function of time, i.e., the corresponding velocity is constant.
In Jayasuriya and Choura5 a simply supported beam con-
trolled by a single actuator moving at constant speed was
considered/They proposed a control strategy that completely
eliminates the odd-numbered modes and any initially active
modes at a prespecified finite final time.

In this paper, a general form for velocity profiles is con-
sidered. The task is to find a set of simple functions fi(t)9
i = 1, 2, . . . , m, that defines the controls Ff(t). Assume that
the simple functions ft(t) can be chosen a priori, then from
Eq. (8) the following matrix equation results

G(t)F(t)=f(t)

where

G(t) =

(9)

(10)

F(t) =
F2(t)

Fm(t)

fi(t)
/2(0

fm(t)

physical force vector (11)

modal force vector (12)
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For bounded control functions, we require that the matrix G(t)
be nonsingular for all times t. If, for instance, M{</>/[Py (/)]},
for any P/(0, j = 1, 2, . . . , m, can be written as

where TV is only a function of Pj(t), then a necessary condition
for G(t) to be nonsingular is that 0/[P/(OL 7 = 1> 2, . . . , /w,
do not all vanish simultaneously for each / = 1, 2, . . . , m.
Physically, this means that simultaneous crossings of all actu-
ators at one or more nodes of any mode <£/, / = 1, 2, . . . , m
are not allowed. However, this is not the only way G(t) can be
singular. If G(t) is nonsingular for all t, then the forcing
functions ff(t) can be picked arbitrarily. Therefore, //(/),
i - 1, 2, . . . , m, can be feedback controls, minimum energy
controls,6 or others that capture the design specifications.
Note that if the vector /(O is selected to be discontinuous, then
the vector F(t) must also be discontinuous and have the same
number of discontinuities, provided that the matrix G(t) is
continuous.

If \G(t)\ does not vanish for any time t, then the equations
of motion become

=f1(t)

= /2(0

i = rn + 1, m + 2, . . .

where

(13)

(14)

From Eq. (13), the residual modes, corresponding to
/ = m + I9m + 2, . . . , can be severely affected by control
spillover7 when the forcing function Qt(t)G~l(t)f(t) has large
bounds. Small bounds on Qi(t)G~l(t)f(t) for all t are then
preferred to reduce the effect of energy flow into the un-
controlled modes. Next, an example illustrates two cases
where, in one, the control spillover is negligible and, in the
other, it is not.

Assume that the first two modes of a simply supported
beam are the only initially active modes. The control of both
modes by two moving point force actuators consists of bring-
ing the modes to rest without severely affecting the remaining
modes. For a simply supported beam, Eqs. (13) can be written as

=/i(0

\t)f(t)

where

fl-(0 =

G(t) =
sin sin

sin

/<o =

(15a)

(15b)

(15c)

(16)

(17)

(18)

where w/ = iV^/EL/pAL4, / = 1, 2, 3, . . . , are the natural
frequencies, E is the Young's modulus, p is the density, L is
the length of the beam, and A is the cross-sectional area.

Remark: The special case of a single moving actuator
analyzed in Jayasuriya and Choura3 can be recovered from
Eqs. (15-18) by setting

G(t) =

Qi(t) =

sin

sin

fi(t) = 2 f . jirV0t .fo sin —-— sin

/2(0 = 0

where j is a free integer, V0 is the velocity of the moving
actuator, and ^/2/pALf0 is the control magnitude.

For the matrix G(t) in Eq. (17) to be nonsingular, we
require that both actuators do not cross the end point at
x(t) = 0 and x(t) = L at any time t, and do not cross any point
Q<x(t)<L simultaneously. Assume that the axial time-vary-
ing positions of the two actuators along the beam are de-
scribed by

Xi(t) = (U/20)L(t/tf) + (L/5) (19a)

x2(t) = (1 1/20)L (t/tf) + (L /4) (19b)
where //is an arbitrary settling time. Note that both actuators
are moving at the same constant velocity (11L/20//), but start
at different locations; therefore, they cannot simultaneously
cross the same point in the time range t = 0 to / = //. Assume
that system (15) is precisely known or is certain and the initial
conditions are

' = -r;, <?i(0) = = 0

<7/(0) = <7,(0) = 0 = 3 ,4 ,5 , (20)

As discussed previously, the two controls f i ( t ) and/2(0 can be
chosen using any method. A special case is where both con-
trols developed below are of the minimum energy type,6 an
open-loop control. It must be emphasized, however, that it is
not necessary for them to be open-loop. For example, an
alternative set of force controls can be state feedback schemes
based on the Independent Modal Space Control (IMSC)
method.7

Equations (15a) and (15b) can be written as

.7 = 1,2

where

Xj(t) =
U/ol
U/oJ

0 1
- w/ 0

(21)

(22)

and/) is the minimum energy control corresponding to theyth
mode, y = l, 2. It is well known that the minimum energy
control for system (21) can be computed8 as

fj(t) = - Bje ~

which reduces to

dr] ~ l (23)

fi = Wj(L/lQ)\
jtf cos[Wj(t - tf)

-sm2Wjtf

(24)
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Simulations for the above moving actuators are shown in Figs.
1-6. The modal displacements qi9 i = 1, 2, 3, 4, are shown in
Figs. 1-4. Since modes 3 and 4 are not controlled, residual
vibrations of these modes occur after the final time // as a
consequence of control spillover, which is negligible in this
case. The overall displacement of the beam at (3L/5) is dis-
played in Fig. 5, and the corresponding controls F{(t) and
F2(t) in Fig. 6.

The physical parameters of the simply supported beam used
in the simulations are given below. The beam is made of
aluminum:

x2(t) = (161/180)/, (////) + (L/18) (25b)

density p
Young's modulus E
width of beam b
height h
length L

= 2710 kg/m3

= 71 x 109 N/m2

= 8.467 x l O ~ 4 m
= 1.905 x 10~2 m
= 0.762 m

cross-sectional area A = 1.613 x 10~5 m2

moment of area / = 9.6361 x 10~13 m4

Note that the overall response after the final time // = 1 s is
almost zero. Thus, with the displacement of actuators de-
scribed in Eqs. (19), the control spillover is negligible. If the
displacements of the actuators are

the control spillover, shown in Fig. 7, is not negligible after
// = 1 s. The response in Fig. 6 is different to that in Fig. 7,
because the magnitude of G ~l(t) is larger in the second case.
The large magnitude of G~l(t) is the result of the small
distance between the two actuators from t - 0 to /== / / , and
the proximity of the actuators to the end point of the beam at
the beginning and the end of the maneuver. For different
displacement profiles such as

= (1 1/20)Z sin(T//2f/) + (L /S)

x2(t) = sin(Tct/2tf)

(26a)

(26b)

*,(/) = (16l/180)L(t/tf) + (L/20) (25a)

the modal displacements of modes 3 and 4 are shown in Figs.
8 and 9. As expected, modes 3 and 4 are affected by spillover;
thus, residual vibrations are introduced. The corresponding
displacement of the beam at x = (3L/5) and the controls Fi(t)
and F2(t) are displayed in Fig. 10. Note that the controls f\(t)
and f2(t) and the final time tf-ls are kept the same.

V. Minimum Energy Control by Moving Actuators
In previous work,5 minimum energy controls were imple-

mented with fixed actuators. In this paper, the notion of
minimum energy control is used with moving actuators, and is
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Fig. 5 Beam displacement at x = (3L/S) (two actuators).
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Fig. 7 Beam response with significant control spillover.

EN
T

Q.

io
-.0001

0.5 1.0
TIME

1.5

Fig. 9 Displacement of mode 4 (control spillover).
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Fig. 8 Displacement of mode 3 (control spillover).
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Fig. 10 Controls FI and F2 (control spillover).

compared to that of fixed actuators for a simply supported
beam. Let a simply supported beam be described by

«j4

with the boundary conditions

The natural frequencies of the beam are

vn =(mr)2 n = 1,2, . . .

and its natural modes are

Substitution of

.sin—lpAL L

(27)

(28)

(29)

(30)

(31)

in Eq. (27) and the orthogonality property lead to the modal
equations

(32)PAL ,fi

Assume the magnitudes and the time-varying positions of the
moving actuators are expressed as

Substituting Eq. (33) into Eq. (32) leads to

2_^
JpAL & i cos —— sm ——

L-i I J-j

COS -t (34)

If we set (iirAi/L) = w/, the minimum energy control problem
given in Eq. (23) can be recovered. The constants Kt =/•
cos(/7rjB//L) and /// =// sin(/^r5//L), / = 1, 2, . . . , m, are to
be determined for the finite time settling of the first m modes.
Theoretically, the actuators move at speeds proportional to
the natural frequencies of the first m controlled modes. In
addition, the initial locations of the actuators depend on the
finite time settling characteristics that include the final time //
and the magnitude of the minimum energy control.

Case 1: One-Mode Control
Consider the control of the /th mode. The modal equation

of the /th mode with one fixed actuator is

q(t) + wfai(t) = sin [M/ sinw// + TV/ cosw/f] (35)
Li

where JCG is the location of the fixed actuator. The correspond-
ing modal equation of the same mode with a moving actuator
is

[ ivBi . . iirBi 1i cos —— smw/f + sin —— cosw/r

(36)

If the same control saturation level and the same final time //
are required for both fixed and moving actuators, then the
following equality is a necessary condition:

Ft(t) =fn xt(t) = Att + Bi9 i = 1, 2,, . . , m (33) =fi (37)
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Note that the physical input bounds of the moving and fixed
actuators are./} and <JAf?+N?9 respectively. Thus, a moving
actuator with a smaller input bound can achieve the same
performance specifications as that of a fixed actuator. For
both input bounds to be the same, the location of the fixed
actuator should be on any antinode of the corresponding
mode, i.e., Isin(/Trx0/L)l = 1.

Case 2: Two-Mode Control
If the ith and theyth modes are to be controlled, then the

two controls5 can be stated as follows:
1) Fixed actuator

+ sinJ-^- VM/ + N} sm(Wjt + </>/) { (38b)

with

}) and fy =

2) Moving actuator

(39a)

(39b)

Numerical Example
Let the first and second modes be the controlled modes of a

simply supported beam whose parameters are set to unity; the
fixed actuators are located at x\ = (L/4) and x2 = (L/2); the
natural frequencies are Wi = 1 and w2 = 4; the final time is
tj - (7T/2); the initial conditions are q\(ft) = </2(0) = #i(0) =
<?2(0)=1. After solving Eqs. (38) and (39) for q(t)> the
boundary conditions are imposed, leading to the conditions
required for finite time settling:

1) For fixed actuators:

1 4V2 TT V2"
2 15 4 15

V2 V2
15 ° "I? °
IT 4V2 1 V2
4 ~ 15 2 15

-^ 0 -^ 015 15

~ MI ~
M2

N,
N2

-1 "
-1

1
-1

(40)

2) For moving actuators:

- 1 = (V2/2)/! cos^i + [(2V2)/3]/2 cos(£2/2)

+ [(V2ir)/4]/i sinBi + (V2/3)/2 sin(J?2/2)

- 1 = - [(V2ir)/16)]/2 cos52 - (V2/6)/! si

(41a)

(41b)

1 = [(V2ir)/4]/i cos*! + [(2V2)/3]/2 cos(52/2)

+ (V2/2)/\ sin^! - (V2/3)jf2 sin(B2/2) (41c)

_ 1 = - (V2/3)/'i cos2#i + [(V2?r)/4]/2 sinB2 (41d)

The solutions to Eqs. (40) and (41) are

M! = 0 Nj = 10.6066 M2 = - 6.6505

N2 = 72.3036 /! = - 1.1403 Bl = - 1.01076

/2 = - 2.81574 £2 = 2.89421 (42)

Note that there is a significant difference between the two
control amplitudes.

VI. Control of Distributed Parameter Systems
by a Single Moving Actuator

This section emphasizes the control of flexible structures by
a minimum number of moving and/or fixed actuators. The
objective is to control a finite set of modes, if not all, by a
single actuator, which is either moving or is fixed. Recall that
the control performance depends on the actuator input magni-
tude, as well as its location. Therefore, the location of the
actuator in space and time can be used for determining control
strategies that bring a system to a desired steady state in a
finite time.

Consider the system described in Eqs. (6-8) with low damp-
ing ratios f/, / = 1, 2, . . . and positive mass operator M. If
only one actuator is desired, then the modal forces ff(t)9
/ = 1, 2, . . . , can be written as

Assume that the first m modes are initially active, i.e., ^/(O)
and rj/(0) cannot vanish simultaneously for every 1 < i < m.
The objective is to bring these modes to rest with one actuator,
without excessively disturbing the remaining modes. First, the
displacement profile P(t) is kept general. The Lyapunov tech-
nique can be used to obtain the nature of the displacement
P(t) and magnitude F(t) that satisfy the aforementioned ob-
jective.

Consider the energy function

(44)

where jc and jc are the state vectors described by

JC = (45)

Note that V(x,x) is positive definite. The time rate of change
of V(x,x) is

(46)

(47)

— - (X,x) = 2^ r)/ { T)/ + wriy/

Using Eq. (6), Eq. (46) becomes
J T/-

— (x,x) =

or

— • - Y •?
dt / = i

(48)
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Now the task is to find a set of smooth functions F(t) and P(t)
such that (dV/dt) (x,x) is negative definite, i.e., the total
energy can be dissipated. Since the mass operator M is posi-
tive, the time rate of change of Fis determined by F(t) SfL l

and its time rate of change is

A sufficient condition for F<0 is that F(t) Ef l
be negative for all times t. Two ways in which this can be
accomplished are given below.

1) Select F(t)= -S/=i a/^/, / < m and P(t), such that
/ = !, 2 , . . . , k<m, making F(t) EfLi

]i?/ globally negative.
2) Choose F(0 = -EfLi <M-P(OM/- In this case, the time

rate of change of V is always negative, irrespective of the
position profile P\t) and the boundary value problem.

The case of a simply supported beam is now used to demon-
strate the validity of the above development. First consider the
control of a single mode with one actuator. Assume that the
/th mode is controlled and is described by

F(t) sin (49)

where x(t) is the position of the actuator, and the system is
assumed undamped. A Lyapunov energy function can be writ-
ten as

+'*?]^0 (50)

'0.08

0.06

X 0.02

. 0.00

—— x(t) = (L+sin t)L/2
--• x(t)=L exp(-t)

o.: 0.80.4 0.6
TIME (sec)

Fig. 11 Beam displacement at x = (3ZV5) (one actuator).

0.06

. 2 4 6 8 10
TIME (MC)

Fig. 12 Beam displacement at x = (31/5), where x(t)
(1 + sinf).

12

2 4 6 8 10 12
TIME (a«c)

Fig. 13 Beam displacement at jc = (3L/5), where x(t) = (L/2)Le~

2=

.sin iirx(t)

-T:

Case 1

The time rate of change of V becomes
AV- - 'T -*sm

(51)

(52)

(53)

For (dv/d/)< 0, we require 0< sm{[iirx(t)]/L } <1, or
0<jc(0<(^/0- Physically, this means that the actuator is
forced to move between the boundary at x = 0 and the first
nodal point corresponding to the /th mode. Note that, in this
case, the location of the actuator affects the stability of the
system. Simulations are shown in Figs. 11-16 for the simply

«j

IT

-0.1

run
Fig. 14 Beam displacement at
(1 + sinO-

x(t)=(l+sin t)L/2

(3L/5), where x(t) = (L/2)

0.4 0.6
TIME (sec)

Fig. 15 Beam displacement at x = (3L/5), with two initially active
modes.

0.4 0.6 0.8
TIME (sec)

Fig. 16 Beam displacement at x = (3L/5), with three initially active
modes.
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supported beam considered previously. In Fig. 11, the first
mode is chosen as the initially active mode, with r/^0) = (L7
10) and a = 10. Thus, the region of travel is the whole domain
of the system. The response of the beam at x = (3L/5) is
shown for two position profiles, x(t) = (1 + smt)(L/2) and
x(t) = Le-'9 which are bounded by 0 and L. As expected, the
system can be brought to rest without excessively disturbing
the higher modes. In Figs. 12-14, the second mode of vibra-
tion is selected as the initially active mode, with rj2 (0) = (L/2)
and a = 0.1. The actuator is confined to travel between 0 and
(L/2). In Figs. 12 and 13, the profiles x(t) = (1 + sin*) (JL/4)
and x(t) = (L/2) exp(-/) are selected, respectively. In this
case, the gain a is chosen small so that the system can be
brought to rest with no control spillover into the first mode. If
the condition for the allowed region is violated, energy builds
up, as shown in Fig. 14, and, therefore, it is impossible to
bring the system to rest with the moving actuator. As observed
in Fig. 14, energy builds up when x(t)>(L/2) and decreases
when x(f)<(L/2).
Case!

Assume that more than one mode is initially active. In this
case, the magnitude of the control F(t) is written as

sin - (54)

Simulations are shown in Figs. 15 and 16, where a. = 5. In
Fig. 15, the first two modes are initially active, with
77l(0) = r/2(0) = (L/10), and, thus, m = 2. The system is
brought to rest with the actuator moving at x(t) = (1 + sin?)
(L/2). A similar simulation is shown in Fig. 16, where the first
three modes are initially active. Note that, in this case, there
are no special constraints on the position profile of the actua-
tor as long as it is confined to move within the domain of the
system.

VII. Conclusions
A novel concept for the active control of distributed

parameter systems based on the idea of moving force actua-
tors was developed. It was shown possible to eliminate a
predetermined set of vibratory modes by utilizing one or more
force actuators moving in a special way. Two control strate-
gies were proposed for moving actuators. The first strategy
uses a finite number of distinct actuators to control an equal
number of critical modes with negligible control spillover into
the residual modes. The second strategy uses a single actuator

to control a finite number of critical modes and is based on
energy functions. Both of these strategies are fundamentally
of the feedback type. However, in the first strategy, an open-
loop force control can be utilized, should the initial conditions
be precisely known. But since, in real systems, initial condi-
tions are never known precisely such open loop controls must
always be used in conjunction with feedback. The novel idea
advanced in this work is a new direction of research for
control of flexible structures.

The control of distributed parameter systems by moving
actuators is certainly appealing from the point of view that the
control effort can be reduced for achieving the same perfor-
mance possible with a fixed actuator. The control of dis-
tributed parameter systems by one moving actuator is possi-
ble, provided that the actuator travels in restricted regions of
the spatial domain in a prespecified manner.
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